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Abstract The first Zagreb index M (G) is equal to the sum of squares of the degrees
of the vertices, and the second Zagreb index M»>(G) is equal to the sum of the products
of the degrees of pairs of adjacent vertices of the underlying molecular graph G. In this
paper we obtain an upper bound on the first Zagreb index M;(G) of G in terms of the
number of vertices (n), number of edges (m), maximum vertex degree (A1), second
maximum vertex degree (A;) and minimum vertex degree (8). Using this result we find
an upper bound on M, (G). Moreover, we present upper bounds on M{(G) + M (G)
and M>(G) + M, (6) interms of n, m, Ay, Ay, 8, where G denotes the complement
of G.

Keywords Zagreb index - Molecular graph - Degree (of vertex) -
First Zagreb index - Second Zagreb index

1 Introduction

Let G = (V, E) be a simple graph with vertex set V(G) and edge set E(G), where
|[V(G)| = n and |E(G)| = m. Let G be the complement of G. We assume that the
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vertices of G are ordered so that dy > d» > --- > d,, where d; is the degree of the
i-thvertex of G, i = 1,2, ..., n. The minimum vertex degree is denoted by &, the
maximum by A and the second maximum by A,. We define a graph S, ,—, of order n
such that r vertices are of degree n — 1 and the remaining n — r vertices are of degree §.

The first Zagreb index M1(G) and the second Zagreb index M, (G) is defined as
follows:

Mi(G) =) d}

eV
and

My(G)= D did,.

ijeE(G)

The Zagreb indices M1 (G) and M;(G) were introduced in [1] and elaborated in [2].
The main properties of M1(G) and M>(G) were summarized in [3,4]. Some recent
results on the Zagreb indices are reported in [4—16], where also references to the
previous mathematical research in this area can be found. These indices reflect the
extent of branching of the molecular carbon-atom skeleton, and can thus be viewed
as molecular structure-descriptors [17,18].

In this paper we obtain an upper bound on the first Zagreb index in terms of n, m,
A1, As, and §. Using this result we find an upper bound on the second Zagreb index.
Moreover, we present analogous upper bounds on M1(G) + M (G) and M»(G) +
M, (G).

2 Main results

In [5] the following two upper bounds for M;(G) were established:

Lemma 2.1 Let G be a graph of order n with m edges, maximum degree A1 and
minimum degree 6. Then

Mi(G) <2m(A1+8) —nAid (1)
with equality holding if and only if G has only two type of degrees A1 and §.
Lemma 2.2 Let G be same as in Lemma 2.1. Then

Am? 4+ 2m(n — 1)(A| — §)
M (G) < PR (2)

with equality holding if and only if G is a regular graph or G is an S5 ,—s or G is
the vertex-disjoint union of n — A1 — 1 isolated vertices and the complete graph on
A1 + 1 vertices.

We now state another upper bound on the first Zagreb index M (G) in terms of n,
m, A1, As, §, and characterize the graphs for which equality is attained.
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Theorem 2.3 Let G be a graph with n (n > 1) vertices, m edges, maximum degree
A1, second maximum degree Ay and minimum degree 5. Then

2m — Ap)? 5 (n—1)

Mi(G) = =————+Aj + (A2 —8)%. 3
Equality holds in (3) if and only if G is isomorphic to a graph H\ such that
dy(H)) = d3(Hy) = --- = d,(Hy) = § or G is isomorphic to a graph H> such
that dy(Hy) = d3(Hy) = -+ = dpy1(Hy) = Ay and dp2(Ha) = dpi3(Hy) =

c=dypy1(H2) =6, n=2p+ 1.

Proof For K», K, K3, K3, P3, and P3 we easily see that the equality in (3) holds.
Now we assume that n > 4 and that the numbers p3, pa, ..., Pn—1;93, G4, - - - s Gn—1
are defined by the equations

dIZZPZA%'FCIzaz» pl+ql:1’l=3,4,,n—l (4)
Thus,
n
M(G)=> d} =A{+pAi+qs®. p+g=n—1
i=1
where

n—1 n—1
p=14+>pi. g=14+> q.
i=3 i=3

Now, d? = (pi A} + qi %) (pi + qi), from which

di>piA+qi s, i=34...,n-1 (5)
and thus
n
Dodi=pArtqs.
=2
Now,

n 2
(n = 1HM1(G) — (Zdi) S =DAT+ (A +q8)(Pp+9) — (pA2+qd)
i=2
= (n—= DAY+ pg(hy —8)?

(n—1)?

< (n—1)A?
<(n )1+ 4

(Ay — 8)? (©6)

since pg < (n — 1)2/4.
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Fig. 1 Examples illustrating the mutual relations of the bounds (1), (2), and (3), cf. Remarks 2.4 and 2.6

From (6), we get (3), which completes the first part of the proof.
Now suppose that equality holds in (3). Then all inequalities in the above argument
must be equalities. Thus from equality in (5), we get

piqi(Ay—8)2%=0, i=34,....n—1. (7
From equality in (6), we get

(P —q)(A2—68)=0. ®)

If Ay =4, then G is isomorphic to a graph Hj suchthatdy (Hy) = d3(Hy) = -+ - =
d,(Hp) = §. Otherwise, Ay # 8. From (7), we conclude that either p; = 0org; =0
fori =3,4,...,n—1.Since p; +¢g; = 1,itmustbe p; = lorg; = 1.

From (8) follows that p = ¢ and therefore n = 2p + 1. Thus from (4),

dy=dy=--=dpy1 =7, dpyo=dp3=--=drpt1 =6, n=2p+ 1.
Hence G is isomorphic to a graph H, such that dy(H) = --- = dp1(H) = A
anddp2(H) =dpy3(H) =--- =dapr1(H) =8,n=2p + 1.

Conversely, let G be isomorphic to a graph Hy, suchthatdy(Hy) = d3(Hy) = -+ - =
dn(Hp) = é orlet G be isomorphic to a graph Hy, suchthatdy (Hy) = d3(Hy) = --- =
dp+1(Hy) = Apand dpio(Hy) = dpy3(Hy) = -+ = dapy1(Hy) =38, n =2p + 1.
For both cases we can easily verify that the equality in (3) holds. O

Remark 2.4 For the graph G, depicted in Fig. 1, the upper bound given by (3) (= 56)
is better than the upper bound given by (1) (= 64) and (2) (= 73.3). But for graph G,
the upper bound given by (1) (=36) and (2) (= 36) is better than the upper bound given
by (3) (= 36.45). Thus our bound given by (3) is not always better than (1) and (2).

Theorem 2.3 can be somewhat improved:

Theorem 2.5 Let G be the same graph as in Theorem 2.3. Then

M (G) < A%%—(Az +8)(2m — Ay) — (n — 1)AL6. )
Equality holds in (9) if and only if G is isomorphic to a graph H such that dy(H) =
d3(H) = --- = dp(H) = Ay and dpi1(H) = dpya2(Hy) = --- = dy(H) =6,
2<p=n
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Proof Fori =2,3,...,n,wehave (di — Ay)(d; — ) <0, and thus
n
D dP < (M4 8)@m—A) — (n—1)Ag8

=2

with equality if and only if d; = Ay ord; = § fori = 2,3,...,n. So the result
follows. o

Remark 2.6 Also in the case of Theorem 2.5 the upper bound (9) for the graph G»
(=56) is better than the upper bounds (1) and (2). On the other hand, for the graph G,
the upper bounds (1) and (2) give the same result (=36) as (9).

Remark 2.7 The bound (9) is always better than (1). In order to see this note that

2m(A+8) —nA18 = AT+ 2m — AD(Ar+8) — (n — 1)AL8
S 2m(A; — A)) + A(Ay+8) — A —n8 (A — Ay) — A2 § >0
& 2m— A —nd+8) (A —A2) >0

& D (di—8(A1—A) =0
i=2

which, evidently, is always obeyed.

Remark 2.8 The bound (9) is also better than (3). To see this note that

2m — Ay)? -1
(82 +8)@m— Ap — (= Dazs < PTG U2D (6, gy
_ 2 _
& W tsem—ap s PZE L B2D (4, 4y

S R22m—AD)—@n—1D(A2+8)]* >0

which, evidently, is always obeyed.

In [8] the following upper bound for M| (G) + M, (G) was established, in terms of
n only:

M (G) + M;(G) < n(n — 1)

Using Theorem 2.3, we deduce an upper bound on M (G) 4+ M{(G) in terms of n,
m, A1, Ay, and 8.

Theorem 2.9 Let G be a graph with n vertices, m edges, maximum degree A1, second
maximum degree Ay and minimum degree 8. Then
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2
(n(n —2)— 2m+45 + 1) +Qm— Ap)?

n—1

Mi(G) + M(G) < + A2+ (n—1-20)>

n—1 2 2
+ I |:(A1—8) +(A2—5):|. (10)

Equality holds in (10) if and only if G is the path Ps or G is a regular graph.

Proof If G (or G) is K3, P; or K3, we can easily check that the equality in (3) holds.
Assume therefore that n > 4. We then have

2m — Ap)? n—1
M1(G)§u+A%+—(Az—8)2

n—1 4

and
2
B (n(n—2)—2m+8+1) I
Mi(G) < - +<n—1—6>2+T(A1—6)2.
n—

From this we get

2
(n(n —)—2m 45+ 1) +Qm— A)?

M\ (G) + M (G) < + A2+ (n—1-25)>

n—1
n—1 2 2
+22 (A1—8) + (A2 —8)2].
Using Theorem 2.3 we get the required result. O

We now deduce an upper bound on M;(G) using Theorem 2.3.
Theorem 2.10 Let G be a graph with n vertices, m edges, maximum degree Aj,

second maximum degree A and minimum degree §. Then

@2m — A))?

n—1)
4

1
My(G) < 2m* — (n — 1)mé + 5(8 -1 |: + A2+

Equality holds in (11) if and only if G is a regular graph or G = S| ,-1 or
G;S[H-l,])a n=2p+1

Proof From [6] we have

1 < I <
My(G) =5 > dimi < 5> di[2m —d; —(n—d; = Ds]  (12)
i=1 i=1

=2m>—(n—Hms + %(5 — DM, (G).
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Inequality (11) follows now from Theorem 2.3.

Equality in (12) holds if and only if eitherd; = n—1ord; = §foralli,ij ¢ E(G),
which implies that either (a) G is a regular graph, or (b) G is a bi-degreed graph in
which each vertex is of degree either § or n — 1. By Theorem 2.3, the equality holds in
(11) if and only if G is a regular graph or G = 1,1 0r G = Sp41,p, n =2p + 1.

(]

In [8] the following upper bound for M>(G) + M> (G) was established:

_ 3
Ma(G) + Ma(C) < M= D7

Using Theorem 2.3 we deduce:

Theorem 2.11 Let G be a graph with n vertices, m edges, maximum degree Aj,
second maximum degree Ay and minimum degree §. Then

- 13 _ )
Ma(G) + Ma(G) < % - om? — 3mn— D+ (n - g) [(Zm A1)

2 n—1
(n—1)

Az
AT+

(Ay — 3)2} .

Equality holds if and only if G is isomorphic to a graph Hp, such that
dry(Hy) = d3(Hy) = --- = dy(Hy) = 8 or G is isomorphic to a graph H,, such
that dy(Hy) = d3(Hy) = -+ = dpy1(Hy) = A and dpio(Hd) = dpi3(Hy) =
ce=dypr1(Hy) =8, n=2p+ 1

Proof From [6] we have

nin—1)>3

M>(G) + M (G) = 5

+2m? —3mn —1)2 + (n - %)MI(G).

Using Theorem 2.3 in the above relation, we get the required result. O
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