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Abstract The first Zagreb index M1(G) is equal to the sum of squares of the degrees
of the vertices, and the second Zagreb index M2(G) is equal to the sum of the products
of the degrees of pairs of adjacent vertices of the underlying molecular graph G. In this
paper we obtain an upper bound on the first Zagreb index M1(G) of G in terms of the
number of vertices (n), number of edges (m), maximum vertex degree (�1), second
maximum vertex degree (�2) and minimum vertex degree (δ). Using this result we find
an upper bound on M2(G). Moreover, we present upper bounds on M1(G) + M1(G)

and M2(G)+ M2(G) in terms of n, m, �1, �2, δ, where G denotes the complement
of G.

Keywords Zagreb index · Molecular graph · Degree (of vertex) ·
First Zagreb index · Second Zagreb index

1 Introduction

Let G = (V, E) be a simple graph with vertex set V (G) and edge set E(G), where
|V (G)| = n and |E(G)| = m. Let G be the complement of G. We assume that the
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vertices of G are ordered so that d1 ≥ d2 ≥ · · · ≥ dn , where di is the degree of the
i-th vertex of G , i = 1, 2, . . . , n. The minimum vertex degree is denoted by δ, the
maximum by �1 and the second maximum by �2. We define a graph Sr,n−r of order n
such that r vertices are of degree n−1 and the remaining n−r vertices are of degree δ.

The first Zagreb index M1(G) and the second Zagreb index M2(G) is defined as
follows:

M1(G) =
∑

i∈V

d2
i

and

M2(G) =
∑

i j∈E(G)

di d j .

The Zagreb indices M1(G) and M2(G) were introduced in [1] and elaborated in [2].
The main properties of M1(G) and M2(G) were summarized in [3,4]. Some recent
results on the Zagreb indices are reported in [4–16], where also references to the
previous mathematical research in this area can be found. These indices reflect the
extent of branching of the molecular carbon-atom skeleton, and can thus be viewed
as molecular structure-descriptors [17,18].

In this paper we obtain an upper bound on the first Zagreb index in terms of n, m,
�1, �2, and δ. Using this result we find an upper bound on the second Zagreb index.
Moreover, we present analogous upper bounds on M1(G) + M1(G) and M2(G) +
M2(G).

2 Main results

In [5] the following two upper bounds for M1(G) were established:

Lemma 2.1 Let G be a graph of order n with m edges, maximum degree �1 and
minimum degree δ. Then

M1(G) ≤ 2m(�1 + δ) − n �1 δ (1)

with equality holding if and only if G has only two type of degrees �1 and δ.

Lemma 2.2 Let G be same as in Lemma 2.1. Then

M1(G) ≤ 4m2 + 2m(n − 1)(�1 − δ)

n + �1 − δ
(2)

with equality holding if and only if G is a regular graph or G is an Sδ,n−δ or G is
the vertex-disjoint union of n − �1 − 1 isolated vertices and the complete graph on
�1 + 1 vertices.

We now state another upper bound on the first Zagreb index M1(G) in terms of n,
m, �1, �2, δ, and characterize the graphs for which equality is attained.
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Theorem 2.3 Let G be a graph with n (n > 1) vertices, m edges, maximum degree
�1, second maximum degree �2 and minimum degree δ. Then

M1(G) ≤ (2m − �1)
2

n − 1
+ �2

1 + (n − 1)

4
(�2 − δ)2. (3)

Equality holds in (3) if and only if G is isomorphic to a graph H1 such that
d2(H1) = d3(H1) = · · · = dn(H1) = δ or G is isomorphic to a graph H2 such
that d2(H2) = d3(H2) = · · · = dp+1(H2) = �2 and dp+2(H2) = dp+3(H2) =
· · · = d2p+1(H2) = δ, n = 2p + 1.

Proof For K2, K2, K3, K3, P3, and P3 we easily see that the equality in (3) holds.
Now we assume that n ≥ 4 and that the numbers p3, p4, . . . , pn−1 ; q3, q4, . . . , qn−1
are defined by the equations

d2
i = pi �2

2 + qi δ2, pi + qi = 1, i = 3, 4, . . . , n − 1. (4)

Thus,

M1(G) =
n∑

i=1

d2
i = �2

1 + p�2
2 + qδ2, p + q = n − 1

where

p = 1 +
n−1∑

i=3

pi , q = 1 +
n−1∑

i=3

qi .

Now, d2
i = (pi �2

2 + qi δ2)(pi + qi ), from which

di ≥ pi �2 + qi δ, i = 3, 4, . . . , n − 1 (5)

and thus

n∑

i=2

di ≥ p �2 + q δ.

Now,

(n − 1)M1(G) −
(

n∑

i=2

di

)2

≤ (n − 1)�2
1 + (p �2

2 + q δ2)(p + q) − (p �2 + q δ)2

= (n − 1)�2
1 + p q(�2 − δ)2

≤ (n − 1)�2
1 + (n − 1)2

4
(�2 − δ)2 (6)

since p q ≤ (n − 1)2/4.
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Fig. 1 Examples illustrating the mutual relations of the bounds (1), (2), and (3), cf. Remarks 2.4 and 2.6

From (6), we get (3), which completes the first part of the proof.
Now suppose that equality holds in (3). Then all inequalities in the above argument

must be equalities. Thus from equality in (5), we get

pi qi (�2 − δ)2 = 0, i = 3, 4, . . . , n − 1. (7)

From equality in (6), we get

(p − q)(�2 − δ) = 0. (8)

If �2 = δ, then G is isomorphic to a graph H1 such that d2(H1) = d3(H1) = · · · =
dn(H1) = δ. Otherwise, �2 �= δ. From (7), we conclude that either pi = 0 or qi = 0
for i = 3, 4, . . . , n − 1. Since pi + qi = 1, it must be pi = 1 or qi = 1.

From (8) follows that p = q and therefore n = 2p + 1. Thus from (4),

d2 = d3 = · · · = dp+1 = �2, dp+2 = dp+3 = · · · = d2p+1 = δ , n = 2p + 1.

Hence G is isomorphic to a graph H , such that d2(H) = · · · = dp+1(H) = �2
and dp+2(H) = dp+3(H) = · · · = d2p+1(H) = δ, n = 2p + 1.

Conversely, let G be isomorphic to a graph H1, such that d2(H1) = d3(H1) = · · · =
dn(H1) = δ or let G be isomorphic to a graph H2, such that d2(H2) = d3(H2) = · · · =
dp+1(H2) = �2 and dp+2(H2) = dp+3(H2) = · · · = d2p+1(H2) = δ, n = 2p + 1.
For both cases we can easily verify that the equality in (3) holds. ��
Remark 2.4 For the graph G2 depicted in Fig. 1, the upper bound given by (3) (= 56)
is better than the upper bound given by (1) (= 64) and (2) (= 73.3). But for graph G1,
the upper bound given by (1) (=36) and (2) (= 36) is better than the upper bound given
by (3) (= 36.45). Thus our bound given by (3) is not always better than (1) and (2).

Theorem 2.3 can be somewhat improved:

Theorem 2.5 Let G be the same graph as in Theorem 2.3. Then

M1(G) ≤ �2
1 + (�2 + δ)(2m − �1) − (n − 1)�2 δ. (9)

Equality holds in (9) if and only if G is isomorphic to a graph H such that d2(H) =
d3(H) = · · · = dp(H) = �2 and dp+1(H) = dp+2(H2) = · · · = dn(H) = δ,
2 ≤ p ≤ n.

123



518 J Math Chem (2009) 46:514–521

Proof For i = 2, 3, . . . , n, we have (di − �2)(di − δ) ≤ 0, and thus

n∑

i=2

d2
i ≤ (�2 + δ)(2m − �1) − (n − 1)�2 δ

with equality if and only if di = �2 or di = δ for i = 2, 3, . . . , n. So the result
follows. ��

Remark 2.6 Also in the case of Theorem 2.5 the upper bound (9) for the graph G2
(=56) is better than the upper bounds (1) and (2). On the other hand, for the graph G1,
the upper bounds (1) and (2) give the same result (=36) as (9).

Remark 2.7 The bound (9) is always better than (1). In order to see this note that

2m(�1 + δ) − n�1 δ ≥ �2
1 + (2m − �1)(�2 + δ) − (n − 1)�2 δ

⇔ 2m(�1 − �2) + �1(�2 + δ) − �2
1 − n δ (�1 − �2) − �2 δ ≥ 0

⇔ (2m − �1 − nδ + δ)(�1 − �2) ≥ 0

⇔
n∑

i=2

(di − δ)(�1 − �2) ≥ 0

which, evidently, is always obeyed.

Remark 2.8 The bound (9) is also better than (3). To see this note that

(�2 + δ)(2m − �1) − (n − 1)�2 δ ≤ (2m − �1)
2

n − 1
+ (n − 1)

4
(�2 − δ)2

⇔ (�2 + δ)(2m − �1) ≤ (2m − �1)
2

n − 1
+ (n − 1)

4
(�2 + δ)2

⇔ [2(2m − �1) − (n − 1)(�2 + δ)]2 ≥ 0

which, evidently, is always obeyed.

In [8] the following upper bound for M1(G) + M1(G) was established, in terms of
n only:

M1(G) + M1(G) ≤ n(n − 1)2.

Using Theorem 2.3, we deduce an upper bound on M1(G) + M1(G) in terms of n,
m, �1, �2, and δ.

Theorem 2.9 Let G be a graph with n vertices, m edges, maximum degree �1, second
maximum degree �2 and minimum degree δ. Then
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M1(G) + M1(G) ≤
(

n(n − 2) − 2m+δ + 1
)2 + (2m − �1)

2

n − 1
+ �2

1 + (n − 1 − δ)2

+n − 1

4

[(
�1 − δ

)2 + (�2 − δ)2
]

. (10)

Equality holds in (10) if and only if G is the path P3 or G is a regular graph.

Proof If G (or G) is K2, P3 or K3, we can easily check that the equality in (3) holds.
Assume therefore that n ≥ 4. We then have

M1(G) ≤ (2m − �1)
2

n − 1
+ �2

1 + n − 1

4
(�2 − δ)2

and

M1(G) ≤
(

n(n − 2) − 2m + δ + 1
)2

n − 1
+ (n − 1 − δ)2 + n − 1

4
(�1 − δ)2.

From this we get

M1(G) + M1(G) ≤
(

n(n − 2)−2m + δ + 1
)2 + (2m − �1)

2

n − 1
+ �2

1 + (n − 1 − δ)2

+n − 1

4

[(
�1 − δ

)2 + (�2 − δ)2
]

.

Using Theorem 2.3 we get the required result. ��
We now deduce an upper bound on M2(G) using Theorem 2.3.

Theorem 2.10 Let G be a graph with n vertices, m edges, maximum degree �1,
second maximum degree �2 and minimum degree δ. Then

M2(G) ≤ 2m2 − (n − 1)mδ + 1

2
(δ − 1)

[
(2m − �1)

2

n − 1
+ �2

1+
(n − 1)

4
(�2 − δ)2

]
.

(11)

Equality holds in (11) if and only if G is a regular graph or G ∼= S1,n−1 or
G ∼= Sp+1,p , n = 2p + 1.

Proof From [6] we have

M2(G) = 1

2

n∑

i=1

d2
i mi ≤ 1

2

n∑

i=1

di [2m − di − (n − di − 1)δ] (12)

= 2m2 − (n − 1)m δ + 1

2
(δ − 1)M1(G).
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Inequality (11) follows now from Theorem 2.3.
Equality in (12) holds if and only if either di = n −1 or d j = δ for all i , i j /∈ E(G),

which implies that either (a) G is a regular graph, or (b) G is a bi-degreed graph in
which each vertex is of degree either δ or n −1. By Theorem 2.3, the equality holds in
(11) if and only if G is a regular graph or G ∼= S1,n−1 or G ∼= Sp+1,p , n = 2p + 1.

��
In [8] the following upper bound for M2(G) + M2(G) was established:

M2(G) + M2(G) ≤ n(n − 1)3

2
.

Using Theorem 2.3 we deduce:

Theorem 2.11 Let G be a graph with n vertices, m edges, maximum degree �1,
second maximum degree �2 and minimum degree δ. Then

M2(G) + M2(G) ≤ n(n − 1)3

2
+ 2m2 − 3m(n − 1)2+

(
n − 3

2

)[
(2m − �1)

2

n − 1

+�2
1 + (n − 1)

4
(�2 − δ)2

]
.

Equality holds if and only if G is isomorphic to a graph H1, such that
d2(H1) = d3(H1) = · · · = dn(H1) = δ or G is isomorphic to a graph H2, such
that d2(H2) = d3(H2) = · · · = dp+1(H2) = �2 and dp+2(H2) = dp+3(H2) =
· · · = d2p+1(H2) = δ, n = 2p + 1.

Proof From [6] we have

M2(G) + M2(G) = n(n − 1)3

2
+ 2m2 − 3m(n − 1)2 +

(
n − 3

2

)
M1(G).

Using Theorem 2.3 in the above relation, we get the required result. ��
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16. B. Zhou, N. Trinajstić, J. Math. Chem. 44, 235 (2008)
17. A.T. Balaban, I. Motoc, D. Bonchev, O. Mekenyan, Topics Curr. Chem. 114, 21 (1983)
18. R. Todeschini, V. Consonni Handbook of Molecular Descriptors (Wiley–VCH, Weinheim, 2000)

123


	New upper bounds on Zagreb indices
	Abstract
	1 Introduction
	2 Main results
	Acknowledgments
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


